Although the AdS 5 × S 5 worldsheet action is not quadratic, some features of the pure spinor formalism are simpler in an AdS 5 × S 5 background than in a flat background. The BRST operator acts geometrically, the left and right-moving pure spinor ghosts can be treated as complex conjugates, the zero mode measure factor is trivial, and the b ghost does not require non-minimal fields.
Introduction
Up to now, the only superstring formalism suitable for covariantly quantizing the AdS 5 × S 5 background is the pure spinor formalism [1] . Because of the Ramond-Ramond flux, the Ramond-Neveu-Schwarz formalism cannot describe this background. Although the covariant Green-Schwarz formalism can classically describe the AdS 5 ×S 5 background, this formalism has only been quantized in light-cone gauge by expanding around classical solutions which break the target-space P SU (2, 2|4) invariance. It should be noted that for computing the physical spectrum, the light-cone Green-Schwarz formalism is probably the most convenient since it includes only physical degrees of freedom and does not require ghosts. However, for computing scattering amplitudes or for describing the spectrum in a P SU (2, 2|4)-invariant manner, the pure spinor formalism is expected to be more convenient since it manifestly preserves all symmetries.
In a flat target-space background, the worldsheet action in the pure spinor formalism is quadratic and it is easy to compute scattering amplitudes using the free-field OPE's of the worldsheet fields. However, in an AdS 5 × S 5 background, the worldsheet action is [2]
[cd] (wγ ab λ)( wγ cd λ)] SO(4,1)×SO(5) coset, (λ α , w α ) and ( λ α , w α ) are the left and right-moving pure spinor variables, and (η ab ,η α β ,η [ab] [cd] ) are the nonvanishing components of the P SU (2, 2|4) metric.
The global P SU (2, 2|4) isometries act on g by left multiplication as δg = Σg, and these global isometries commute with the BRST transformations which act by right multiplication as
where T α and T α are the fermionic generators of P SU (2, 2|4). Since the J A currents are not holomorphic, it is difficult to compute OPE's and scattering amplitudes in an AdS 5 × S 5 background.
Nevertheless, it will be shown in the first half of this paper that there are several features of the pure spinor formalism in an AdS 5 × S 5 background which are simpler than in a flat background. Unlike the worldsheet Lagrangian in a flat background which transforms by a total derivative under d = 10 supersymmetry transformations, the worldsheet Lagrangian of (1.1) is manifestly P SU (2, 2|4) invariant. As a consequence, the vertex operator for the zero-momentum dilaton in an AdS 5 ×S 5 background is manifestly P SU (2, 2|4) invariant and can be expressed as the ghost-number (1, 1) operator
where η α α ≡ (γ 01234 ) α α . On the other hand, the zero-momentum dilaton vertex operator in a flat background is V f lat = (λγ m θ)( λγ m θ), (1.4) which transforms under spacetime supersymmetry into a BRST-trivial operator.
Because (η α α λ α λ α ) is in the BRST cohomology in an AdS 5 × S 5 background, it is consistent to impose the constraint that (ηλ λ) is non-vanishing and to extend the Hilbert space to include states which depend on inverse powers of (ηλ λ). Note that in a flat background, (ηλ λ) is not in the cohomology and can be written as (ηλ λ) = Q(η α α θ α λ α ). So in a flat background, such an extension of the Hilbert space would trivialize the cohomology because of the state W = (ηλ λ) −1 η β β θ β λ β satisfying QW = 1, which would imply that any BRST-closed state V could be written as V = Q(W V ).
After extending the Hilbert space in this manner and interpreting λ α and η α α λ α as complex conjugates, it is straightforward to define functional integration over the pure spinor variables. Unlike in a flat background where one needs to introduce additional "non-minimal" variables to functionally integrate over pure spinors [4] [5] , there is no need to introduce non-minimal variables in an AdS 5 × S 5 background. In some sense, the nonholomorphic structure of the AdS 5 × S 5 sigma model automatically regularizes the 0/0 divergences which were regularized in a flat background by the non-minimal variables.
Since there are no non-minimal variables, the zero mode measure factor and the composite b ghost are simpler in an AdS 5 × S 5 background than in a flat background. In a flat background, the tree-level zero mode measure factor is
f (x, θ, λ, θ, λ)| θ= θ=0
and the b ghost satisfying {Q, b} = T depends in a complicated manner on the non-minimal variables. In an AdS 5 × S 5 background, the tree-level zero mode measure factor is simply f (x, θ, λ, θ, λ) = d 10 x d 16 θd 16 θ sdet(E A M ) dλd λ f (x, θ, λ, θ, λ) (1.6) where E A M is the target-space supervierbein and dλd λ is a compact integration over the projective pure spinors. And the composite b ghost is
where (J α , J a , J α ) are the left-invariant currents constructed from g, and N ab and J gh are the Lorentz and ghost-currents for λ α .
It is instructive to consider the pure spinor formalism for the Ramond-Ramond planewave background [6] where a partial simplification also occurs. In this background, the operator of (1.3) is replaced with (λγ +1234 λ) which only involves the (γ + λ) and (γ + λ)
components of the pure spinors. So one still needs to introduce non-minimal variables for the (γ − λ) and (γ − λ) components in order to perform functional integration. This implies that the tree-level measure factor in the plane-wave background involves integration over 18
θ's, as opposed to the 10 θ's in a flat background or the 32 θ's in an AdS 5 ×S 5 background.
In principle, these results could be used to compute AdS 5 × S 5 scattering amplitudes without the regularization complications that plague amplitude computations in a flat background [4] [5] . Unfortunately, the difficulties with evaluating OPE's and with constructing explicit vertex operators in an AdS 5 × S 5 background will probably make it hard to compute non-trivial scattering amplitudes at finite AdS radius. Nevertheless, it might eventually be possible to compute amplitudes at infinitesimally small AdS radius and test the Maldacena conjecture in the perturbative super-Yang-Mills regime.
In order to compute superstring amplitudes in this perturbative super-Yang-Mills regime, the first step would be construct a closed string theory that describes the zero radius limit that is dual to free N = 4 super-Yang-Mills theory [7] . Since super-Yang-Mills is a field theory, it is natural to try to describe this zero radius limit using a topological string theory [8] . One recent topological string proposal [9] [10] was constructed from the fermionic coset P SU(2,2|4) SO(4,2)×SO(6) which was related by a field redefinition to the pure spinor formalism. This topological string theory was later obtained in [11] by gauge-fixing the G/G principal chiral model with G = P SU (2, 2|4), and similar G/G topological models for the zero radius limit have been proposed by A. Polyakov [12] and H. Verlinde [13] .
In the second half of this paper, it will be shown that there is an alternative gaugefixing of the G/G principal chiral model which produces a topological string theory based on the Metsaev-Tseytlin coset P SU(2,2|4) SO(4,1)×SO(5) instead of the fermionic coset P SU(2,2|4) SO(4,2)×SO (6) . This alternative gauge-fixing is related to an AdS 5 × S 5 generalization of the "extended pure spinor" formalism proposed by Aisaka and Kazama [14] and, unlike the BRST transformation for the gauge-fixing to the fermionic coset, the BRST transformation using this alternative gauge-fixing is the same as in (1.2).
The worldsheet action of this topological string theory is BRST-trivial and is
where
A are the same left-invariant currents constructed from a P SU(2,2|4) SO(4,1)×SO (5) coset as before. Note that (1.8) differs from the original AdS 5 × S 5 action of (1.1) through the (λ α , λ α ) dependence of the first term and the absence of an η α α J α J α term.
To show that this topological string theory is the dual to free N = 4 super-Yang-Mills, the first step is to show that the BRST cohomology correctly reproduces the single-trace where Σ(σ) is an arbitrary local P SU (2, 2|4) transformation whose σ-independent modes are the global isometries. These transformations commute with the BRST transformations of (1.2), and when acting on operators of large R-charge, the σ-dependent modes of Σ act like the massive string modes in a plane-wave background by inserting "impurities" in the long operator [15] . Although the σ-dependent transformations of (1.9) do not leave invariant the topological action of (1.8), they only change (1.8) by a BRST-trivial term.
The next step to showing that this topological string theory describes free N = 4
super-Yang-Mills is to show that the topological string amplitudes correctly reproduce super-Yang-Mills amplitudes in the limit of small 't Hooft coupling. For string tree amplitudes involving three half-BPS states, these amplitudes are guaranteed to agree since the zero mode measure factor in the topological theory is the same as in (1.6) and since these three-point BPS amplitudes do not depend on the AdS radius.
To show the equivalence of other types of amplitudes, a handwaving argument based on open-closed topological duality will be presented which will hopefully be made more rigorous in the future. The argument follows the proposals of [16] and [17] [18] and uses that the open string field theory obtained by putting D 3 branes at the AdS 5 boundary of the topological string reproduces N = 4 super-Yang-Mills field theory. Furthermore, it will be argued that perturbing the closed topological action of (1.8) by the vertex operator of (1.1) as
is equivalent to shifting the 't Hooft coupling constant of the Yang-Mills theory.
In addition to providing a string dual to free super-Yang-Mills, this topological string also describes an unbroken phase of closed superstring theory in which all background fields (including the metric) are treated on the same footing. Up to BRST-trivial terms, the topological action of (1.8) is independent of any specific choice for the spacetime metric, which was one of the original motivations of Witten for studying topological string theory [19] [20] [21] . To recover non-topological backgrounds, one gives expectation values to the physical moduli of the topological string. For example, the AdS 5 × S 5 background at nonzero radius is obtained by perturbing with the physical vertex operator of (1.1)
for the radius modulus, and other string theory backgrounds which are asymptotically AdS 5 × S 5 can be obtained by perturbing with vertex operators corresponding to other physical moduli.
As in previous topological proposals of Witten for an unbroken phase of string theory, the target spacetime in the topological sigma model requires a complex structure [20] [21].
But unlike in previous proposals, the complex structure of spacetime is now dynamical and is determined by the pure spinor ghost variables λ α and λ α which choose a U (5) subgroup of (Wick-rotated) SO (10) . 2 This can be seen from the kinetic term for the ten x's in the first term of (1.8) which, to quadratic order, is
In section 2 of this paper, the pure spinor version of the AdS 5 × S 5 sigma model will be reviewed. In section 3, it will be shown that non-minimal variables are unnecessary in this model, that the zero mode measure factor and b ghost are much simpler than in a flat 2 Similar observations on pure spinors and topological strings have been made by N.
Nekrasov [22] .
background, and that a partial simplification also occurs in the Ramond-Ramond planewave background. In section 4, a BRST-trivial version of the AdS 5 × S 5 sigma model will be constructed by gauge-fixing a G/G principal chiral model, and this topological model will be argued to describe the dual of free super-Yang-Mills. In section 5, conclusions and open problems will be discussed.
Review of AdS
The pure spinor version of the worldsheet action for the AdS 5 × S 5 superstring can be derived either by constructing the pure spinor action in a general curved background [23] and setting the background superfields to their AdS 5 × S 5 values, or by adding terms to the Green-Schwarz AdS 5 × S 5 action which replace κ symmetry with BRST invariance [24] . The second approach is more direct and will be reviewed here. The structure of supergravity vertex operators will then be discussed.
Green-Schwarz worldsheet action
In a general Type II supergravity background, the Green-Schwarz action is
where and (γ a ) α β are related to these matrices by
Parameterizing the AdS 5 × S 5 coset as
where [P m , Q µ , Q µ ] are the AdS 5 × S 5 translation and supersymmetry generators, one obtains
where ω
[ab]
M is the AdS 5 × S 5 spin connection. Furthermore, in an AdS 5 × S 5 background, it was shown in [25] that the only nonzero components of
So the Green-Schwarz action in an AdS 5 × S 5 background is [3] [25]
Note that unlike the Green-Schwarz Lagrangian in a flat background in which the term B M N ∂Z M ∂Z N transforms by a total derivative under spacetime supersymmetry, the Green-Schwarz Lagrangian in an AdS 5 ×S 5 background is manifestly P SU (2, 2|4) invariant since it can be expressed in terms of the supersymmetric invariants J A .
Pure spinor worldsheet action
To generalize the Green-Schwarz action to the pure spinor formalism, one needs to add canonical momenta (d α , d α ) for the (θ µ , θ µ ) variables as well as left and rightmoving pure spinor ghosts, (λ α , w α ) and ( λ α , w α ), which satisfy the pure spinor constraints λγ a λ = λγ a λ = 0. Because of the pure spinor constraints, w α and w α can only appear in combinations which are invariant under the gauge transformations
which implies that they only appear through the Lorentz currents and ghost currents
In an AdS 5 × S 5 background, these additional worldsheet fields couple as
where 
Because of the nonvanishing Ramond-Ramond flux, d α and d α are auxiliary fields which can be integrated out to give the action
The action of (2.11) is manifestly invariant under global P SU (2, 2|4) transformations which transform g(x, θ, θ) by left multiplication as δg = (ΣÃTÃ)g where TÃ are the P SU (2, 2|4)
Lie-algebra generators and is also manifestly invariant under local SO(4, 1) × SO(5) gauge transformations which transform g(x, θ, θ) by right multiplication as
and transform the pure spinors as SO(4, 1) × SO(5) target-space spinors.
The BRST operator in the pure spinor formalism is defined as 13) where the auxiliary equations of motion for d α and d α have been used. Under BRST transformations generated by Q, g(x, θ, θ) transforms by right-multiplication as
which implies that
And (2.13) implies that the pure spinors transform as
To verify that (2.11) is BRST invariant, note that the first term in the Lagrangian of (2.12) transforms under (2.13) to
Using the Maurer-Cartan equations
the second term in (2.12) transforms under (2.13) to
And the last term in (2.12) transforms under (2.13) to
So ignoring the total derivatives in the second line of (2.18), (2.11) is BRST-invariant.
Nilpotent BRST transformations
Although it is consistent to use the BRST transformations of (2.14) and (2.16) which are nilpotent up to equations of motion, it will be convenient to include auxiliary antifields in the action so that the BRST transformations become nilpotent without using equations of motion. As discussed in [10] and shown independently by G. Boussard [26] , this is easily done by adding the antifields w * α and w * α to the AdS 5 × S 5 action of (2.11) as
where w * α and w * α are auxiliary fermionic spinors which are constrained to satisfy
and therefore each contain 11 independent fermionic components.
Under the BRST transformations of (2.14) and (2.16), one finds that
When acting on terms which are gauge-invariant with respect to the local SO(4, 1) × SO(5) transformations and the (w, w) gauge transformations of (2.7), the terms in (2.21) which are proportional to (h [ab] , ξ a , ξ a ) can be ignored. To remove the terms in (2.21) which are proportional to the equations of motion 23) and define the BRST transformation of the antifields w * α and w * α as
With the addition of (2.19) to the action, one can easily check that these BRST transformation leave the action invariant and are nilpotent without using equations of motion.
Supergravity vertex operators
In a general curved supergravity background, physical closed string vertex operators in the pure spinor formalism are defined as states of ghost-number (1, 1) which are in the BRST cohomology. For massless supergravity states, these vertex operators only depend on the zero modes of the worldsheet fields
Under the BRST transformation generated by
where E M A is the inverse supervierbein. So
) is the covariant derivative and M [ab] are tangent-space Lorentz generators which act on the spinor indices α and α. Since λγ a λ = λγ a λ = 0,
for any choice of [abcde] . And the gauge transformation
implies that A α α (Z) is defined up to the gauge transformation
where Ω α and Ω α are restricted to satisfy
for any choice of [abcde] .
As shown in [23] , these equations of motion and gauge invariances describe an onshell Type II supergravity multiplet. In terms of the standard supergravity superfields,
is identified with the spinor-spinor component B α β of the two-form
in the gauge where (γ abcde ) αβ B αβ = (γ abcde ) α β B α β = 0. The equations of motion of (2.27) follow from the superfield constraints
is the three-form field strength and T D AB is the superspace torsion. And the gauge transformations of (2.29) follow from the gauge transformations
In a flat background, the constraints of (2.27) can be easily solved in terms of plane-
ikx where k 2 = 0. Furthermore, the holomorphic structure of the sigma model implies that
is the super-Yang-Mills spinor gauge field satisfying
Unfortunately, the non-holomorphic structure of the AdS 5 × S 5 sigma model does not allow a similar factorization for A α β (Z) in an AdS 5 × S 5 background. Nevertheless, the fact that B α α has the background value of η α α in this background implies that the
be determined by acting with supersymmetry on the dilaton.
Simplifying the AdS 5 × S 5 Formalism
In this section, it will be explained that since (η α α λ α λ α ) is in the BRST cohomology in an AdS 5 × S 5 background, there is no need to introduce the non-minimal variables which are necessary in a flat background to regularize the functional integral over the pure spinors. This simplifies the zero mode measure factor and b ghost in an AdS 5 × S 5 background, and a partial simplification will also occur in the Ramond-Ramond plane-wave background.
BRST cohomology and extended Hilbert space
To show that (ηλ λ) is in the BRST cohomology in an AdS 5 × S 5 background, note that the surface term in (2.18) implies that
where L AdS is the Lagrangian of (2.11) and
Furthermore, since the BRST transformations of (2.14) and (2.23) are nilpotent, (3.1)
implies that Qf = ∂V and Qf = ∂V for some V . One can easily check for f and f of
Since this procedure relates dimension ( Since (ηλ λ) is in the BRST cohomology, it is consistent to impose the constraint that (ηλ λ) is non-vanishing. If λ α and η α α λ α are interpreted as complex conjugates, this constraint implies that at least one component of λ α must be nonzero. In the presence of this constraint, the Hilbert space can be extended to include states which depend on inverse powers of (ηλ λ).
As mentioned in the introduction, such an extension of the Hilbert space in a flat background would trivialize the BRST cohomology since it would allow the state W = (ηλ λ) −1 (η β β θ β λ β ) which satisfies QW = 1. But since (ηλ λ) is not BRST-trivial, there is no such W satisfying QW = 1 that can be constructed in an AdS 5 × S 5 background.
b ghost
Since [Q, T ] = 0 where
is the left-moving stress tensor, one can ask if there exists an operator b satisfying {Q, b} = T . Before extending the Hilbert space to include inverse powers of (ηλ λ), such an operator does not exist. This situation is analogous to the situation in a flat background where, before introducing non-minimal fields, one cannot construct an operator b satisfying {Q, b} = T f lat where
However, after extending the Hilbert space to include inverse powers of (ηλ λ), the b operator can be defined as
Note that (3.4) resembles the first term of the b ghost in a flat background which is [28] 
where λ α is a non-minimal field and ... includes terms with more complicated dependence on the non-minimal fields.
To show that {Q, b} = T , use (2.14) to compute that
where the identity
has been used and terms proportional to w * α have been dropped since they vanish onshell. One can similarly define b satisfying {Q, b} = T where T = 1 2
Note that b is not holomorphic but ∂b is BRST-trivial. The g-loop amplitude prescription in the pure spinor formalism is given by
where U r are the dimension (1, 1) integrated vertex operators and µ and µ are the Beltrami differentials associated with the Teichmuller parameters τ and τ . One normally requires ∂b = 0 so that ( µb) is invariant under transformations that shift µ by ∂ν for any ν.
However, assuming that BRST-trivial terms in the integrand do not contribute, it seems to be sufficient to only require that ∂b is BRST-trivial.
Functional integration and measure factor
In a flat background, functional integration over the 22 zero modes of λ α and λ α produces a divergent factor since these bosonic zero modes are non-compact. The most convenient method for regularizing this divergence is to introduce "non-minimal" variables λ α and λ α , together with their BRST superpartners r α and r α , and to modify the BRST operator to [29] [4][5]
where w α and w α are the conjugate momenta for λ α and λ α and the non-minimal variables satisfy the constraints
One then inserts the regulator
into the functional integral where ρ is a positive constant. Since N − 1 is BRST-trivial, the amplitude must be independent of the constant ρ and the location of N . Treating λ α and λ α as the complex conjugates of λ α and λ α , the insertion of N regularizes the functional integration over the pure spinor ghost zero modes because of its Gaussian dependence on λ. As shown in [4] , functional integration using this regularization method in a flat background implies that
where f (x, θ, λ, θ, λ) is assumed to have ghost-number (3, 3) and be independent of the non-minimal fields. Note that (3.11) implies that r α and r α each have 11 independent components, and integration over these components reduces the d With this regularization, the zero mode integration for tree amplitudes simplifies to
where sdet(E . For example, for three-point supergravity tree amplitudes,
where λ α λ α A α α (Z) is the supergravity vertex operator of (2.24). Integrating over the projective pure spinors gives
where T ((αβγ))(( α β γ)) is the constant tensor obtained by symmetrizing η α α η β β η γ γ with respect to (αβγ) and ( α β γ) and removing the gamma-matrix trace terms, i.e. removing the terms proportional to γ A separate argument for the validity of the integration measure of (3.14) is that it is manifestly P SU (2, 2|4) invariant since it can be written as
where g is the For amplitudes at non-zero genus, the prescription in the pure spinor formalism is to insert (3g −3) b and b ghosts and N integrated vertex operators into the functional integral as in (3.9). After integrating out the non-zero modes of the worldsheet fields, one needs to integrate over both the zero modes of (x, θ, θ, λ, λ) and the g zero modes of the spin-one variables w α and w α . In a flat background, integration over the zero modes of w α and w α produces divergences which are regularized by including the term [4] [5]
in the regulator N of (3.12) where N ab and N ab are the Lorentz currents for the nonminimal variables and (s α , s α ) are the conjugate momenta for (r α , r α ). However, in an It should be noted that because of the non-holomorphic structure of the sigma model, the measure factor for open string scattering amplitudes in AdS 5 × S 5 will not be the "holomorphic square-root" of the closed string measure factor of (3.14). For example, for 
Ramond-Ramond plane-wave background
It is instructive to compare the structure of the zero-mode measure factors in flat and AdS 5 × S 5 backgrounds with the zero-mode measure factor in a Ramond-Ramond plane-wave background. The pure spinor action in this background was described in [6] and has the same structure as (2.9) except that the non-vanishing components of F α β and R abcd take the values
where x ± = x 0 ± x 9 and j = 1 to 8 denote the transverse directions.
Splitting d α and d α into their SO(8) components as 
A ′ through the first-order action
In this plane-wave background, the operator η α α λ α λ α of (1.3) is replaced by 
One then adds the term dzr A ′ w
to the BRST operator and defines the non-minimal regulator as
Since there are seven independent r A ′ and r A ′ variables, the zero mode integration in a plane-wave background is of the form
where the integration dλd λ is over the projective part of λ A and λ A (keeping η A A λ A λ A fixed). So instead of selecting the term in f with 5 (θ θ)'s or 16 (θ θ)'s, the zero mode measure factor in a plane-wave background selects the term in f with 9 (θ θ)'s.
Although this result may seem strange, it is consistent with the expectation from lightcone gauge analysis. In light-cone gauge, the supergravity vertex operator in a plane-wave background depends only on the transverse zero modes and has the form [15]
where a † j and s † A are 8 bosonic and 8 fermionic operators constructed from the zero modes which "excite" the ground-state wavefunction |0 of the harmonic oscillator for the massive zero modes. In terms of the zero modes (x j , θ A , θ A ), the Lagrangian is
and the ground-state wavefunction is
where k + is the P + momentum of the state.
In light-cone gauge, the measure factor Φ 1 |Φ 2 LC can be computed either by using the commutation relations of the operators in (3.28) or by evaluating the functional integral
Note that |0 has a well-defined norm since
The covariant measure factor of (3.27) can be compared with the light-cone measure factor of (3.31) using the relation that In a plane-wave background, the BRST-invariant vertex operator corresponding to
where Φ is the light-cone superfield of (3.28) and ... depends on θ 
So the covariant measure factor of (3.27) implies that
which is proportional to the light-cone measure factor Φ 1 |Φ 2 LC of (3.31).
So in a plane-wave background, the covariant measure factor involving integration over 9 (θ θ)'s is related to light-cone integration over 8 (θ θ)'s plus an additional integration over θ θ coming from the c 0 c 0 term. In a flat background, the covariant measure factor of (3.13)
involving integration over 5 (θ θ)'s can be similarly related to light-cone integration over 4 (θ θ)'s plus an integration over θ θ coming from the c 0 c 0 term. In light-cone gauge in a flat background, the fermionic zero modes are massless and in order to construct normalizable wavefunctions, the SO(8) components θ A and θ A need to be split into U (4) components as (θ I , θ I ) and ( θ I , θ I ) for I, I = 1 to 4 [32] . The resulting light-cone wavefunction is a chiral superfield Φ(θ I , θ I ) satisfying the reality condition
and the light-cone measure factor in a flat background is
which involves an integration over only 4 (θ θ)'s.
Topological AdS 5 × S 5 Sigma Model
In this section, a BRST-trivial action will be constructed with the same BRST operator and stress-tensor as the AdS 5 × S 5 action of (2.11), and will be shown to arise from gauge-fixing the G/G principal chiral model where G = P SU (2, 2|4). This topological action will then be argued to describe the zero-radius limit of AdS 
Topological action
Because of the possibility of including (ηλ λ) −1 dependence in the action, one can construct a BRST-trivial action which has the same stress tensor as the AdS 5 × S 5 action of (2.11). This topological action is
Note the close resemblence of the first two lines in Ψ with the b and b ghost of (3.4) and (3.8) , and that the last line of Ψ is gauge-invariant under (2.7) because of the constraints of (2.20). Since Q is nilpotent, (4.1) is invariant under the BRST transformation of (2.14)
and (2.23) and the resulting Noether charge is
as before.
Using the identity of (3.7) and the BRST transformations of (2.14) and (2.23), it is straightforward to show that QΨ is equal to the Lagrangian of (4.1). The BRST transformation of the first line of (4.2) is
the BRST transformation of the second line of (4.2) is 5) and the BRST transformation of the third line of (4.2) is
It is interesting to note that the difference between the topological and AdS 5 × S 5 actions of (4.1) and (2.11) is
where the pure spinors (λ α , λ α ) choose a complex structure which allows the covariant construction of a Wess-Zumino term from the bosonic currents (J a , J a ). Using λγ a λ = λγ a λ = 0 and the BRST transformation of (2.14), one can easily check that (4.7) is BRSTclosed. And since (4.7) is antisymmetric in z and z, it is clear that the stress tensor of S top is equal to the AdS 5 × S 5 stress tensor of (3.3).
One can formally define an analogous topological action in a flat Type II background as
where Π a = ∂x a + θγ a ∂θ + θγ a ∂ θ, η α α is a constant bispinor, and
The choice of η α α breaks Lorentz invariance for the Type IIB superstring, but for the Type IIA superstring, Lorentz invariance can be preserved by choosing η α α = δ α α . Note that unlike the usual pure spinor action in a flat background, the topological action S f lat top is manifestly spacetime supersymmetric and satisfies
where L W Z is the standard Green-Schwarz Wess-Zumino term. However, unlike the topological AdS 5 × S 5 action of (4.1), the topological action of (4.8) in a flat background is not well-defined since inverse powers of (ηλ λ) are not allowed in the flat Hilbert space.
As emphasized in section 3, the presence of inverse powers of (ηλ λ) in a flat background would trivialize the BRST cohomology.
G/ G principal chiral model
In [9] and [10] , an A-twisted N = 2 worldsheet supersymmetric sigma model constructed from the fermionic coset P SU(2,2|4) SO(4,2)×SO(6) was conjectured to describe the zero-radius limit of the AdS 5 × S 5 superstring. This topological sigma model was related by a field redefinition to the AdS 5 × S 5 sigma model of (2.11), but the BRST operators for the topological and AdS 5 × S 5 sigma models were different. It was then shown in [11] that this N = 2 worldsheet supersymmetric sigma model constructed from the fermionic coset P SU(2,2|4) SO(4,2)×SO (6) could be obtained by gauge-fixing the G/G principal chiral model
where G takes values in P SU (2, 2|4), J = G −1 ∂G are the left-invariant currents, ηÃB is the P SU (2, 2|4) metric, and (A, A) is a worldsheet gauge field taking values in the P SU (2, 2|4)
Lie algebra. Although this G/G model appears to be trivial, it will be argued later that it contains non-trivial physical states because of boundary conditions on the non-compact P SU (2, 2|4) generators.
The action of (4.11) is invariant under the local P SU (2, 2|4) gauge transformations 12) and to obtain the supersymmetric sigma model based on the fermionic coset, one first uses the SO(4, 2) × SO(6) generators of Ω to gauge away the bosonic elements in G so that G takes values in the fermionic coset P SU(2,2|4) SO(4,2)×SO (6) . One then uses the fermionic generators of Ω to gauge-fix 
and the BRST operator 5 BRST operator of (2.13), it will now be shown that there is an alternative gaugefixing of the G/G model of (4.11) which leads to the topological action of (4.1) and which has the same BRST operator as (2.13). To obtain the topological action of (4.1) from (4.11), one first uses the local SO(4, 1) × SO(5) gauge invariances of (4.12) to gauge-fix G to take values in the Metsaev-Tseytlin coset P SU(2,2|4) SO(4,1)×SO (5) . One next uses the fermionic gauge transformations of (4.12) to gauge-fix 16) which gives rise to unconstrained bosonic ghosts (Z α , Z α ) and antighosts (Y α , Y α ) with the Faddeev-Popov action
and {T α , T β } are nonzero and Z α and Z α are unconstrained, the BRST operator
implied by this gauge-fixing would not be nilpotent.
However, one still has ten bosonic gauge transformations of (4.12) which need to be gauge-fixed. Although one could naively use these gauge transformations to gauge away the remaining bosonic components of G, this will be argued later to be inconsistent with the boundary conditions of the P SU (2, 2|4) gauge parameters. Instead, one can use these ten gauge transformations to gauge-fix 5 components of A a and 5 components of A a to zero. The choice of which five components of A a and A a are gauge-fixed will be correlated with the bosonic ghosts (Z α , Z α ) in such a manner that the resulting BRST operator is nilpotent. Using an AdS 5 × S 5 adaptation of the "extended pure spinor formalism" of Aisaka and Kazama [14] , this BRST operator will then be shown to have the same cohomology as the original AdS 5 × S 5 BRST operator of (2.13).
To determine which components of A a should be gauge-fixed, note that (γ a ) αβ Z α Z β is a null vector which decomposes under SO(4, 1) × SO(5) into
for I = 0 to 4 andĨ = 5 to 9. Furthermore, if Φ I is zero for I = 0 to 4, then ΨĨ is also zero forĨ = 5 to 9. This can be seen from the fact that a pure spinor contains 11 independent components and therefore satisfies 5 independent constraints. So if Φ I = 0 for I = 0 to 4, Z α will be a pure spinor, which implies that ΨĨ = 0 forĨ = 5 to 9. Since Φ I = 0 implies ΨĨ = 0, there exists an invertible matrix M J I
(Z) such that
It will be convenient to define the matrix N I a (Z) such that
where N for I = 0 to 4. With this gauge-fixing, the G/G model of (4.11) becomes
and the BRST operator is
where (f I , f I , f α , f α ) are Lagrange multipliers which impose the gauge-fixing conditions,
are the Faddeev-Popov ghosts and antighosts coming from the gauge-fixing of (4.16) and (4.24), and
After integrating out the worldsheet gauge fields and Lagrange multipliers which satisfy auxiliary equations of motion, (4.25) reduces to
with the BRST operator
and R
−1
IJ is the inverse matrix to
Note that the last term of (4.28) comes from integrating out A
[ab] and A [ab] which converts the covariant derivatives in (4.17) into the covariant derivatives of (4.30).
As shown in [14] using "homological perturbation" theory, the BRST operator of (4.29) is equivalent to the BRST operator Q = dzη α α λ α J α + dzη α α λ α J α where the terms dzb I R IJ Φ J and dzb I R JI Φ J in (4.29) have been used to strongly impose the constraints Φ I = Φ I = 0 and to gauge c a = 0. In the presence of the constraints Φ I = Φ I = 0, the ghosts Z α and Z α reduce to pure spinors which will be called λ α and λ α . Furthermore,
, and that
where the normalization of (4.31) is fixed by η ab (N
when c a = 0 and Φ I = Φ I = 0, it is straightforward to check that the ... terms in (4.28) are zero and that (4.28) coincides with (4.1).
So it has been shown that the topological AdS 5 ×S 5 action of (4.1) and BRST operator of (4.3) can be obtained from the G/G principal chiral model of (4.11) by choosing the gauge 32) where the tensors N I a (Z) and N I a (Z) are constructed from the bosonic Faddeev-Popov ghosts. In the next subsection, it will be argued that this topological model describes the zero-radius limit of the AdS 5 × S 5 superstring which is dual to free N = 4 d = 4
super-Yang-Mills theory.
Physical states
If the topological model of (4.1) is to describe the zero radius limit of the AdS 5 × S 5 superstring, physical states in the BRST cohomology of this model should correspond to gauge-invariant super-Yang-Mills operators at zero 't Hooft coupling. Naively, the G/G model has no physical states since one could use the local P SU (2, 2|4) gauge invariance of (4.12) to gauge G = 1. In this gauge, there are no propagating ghosts and the equations of motion for the worldsheet gauge field are simply AÃ = AÃ = 0.
However, because of the non-compact generators in P SU (2, 2|4), there are subtleties in choosing the gauge G = 1. Suppose one parameterizes the P SU (2, 2|4) matrix G as
where (P m , q Under the local P SU (2, 2|4) gauge transformations δG = GΩ of (4.12), one could naively gauge-fix to zero all the variables in (4.33). However, using the relations e −yD P m = (e −y P m )e −yD , e −yD q µ j = (e In fact, it is easy to verify that in the gauge of (4.32) where G takes values in the Metsaev-Tseytlin coset g ∈ P SU(2,2|4) SO(4,1)×SO (5) , there are such physical states in the BRST cohomology. Using the topological action of (4.1), the BRST operator of (4.3) transforms where 0 ≤ σ < 2π is the closed string parameter and Σ(σ) is a P SU (2, 2|4) transformation which is allowed to depend on σ.
Since (4.37) acts by left multiplication and the BRST transformation of (4.36) acts by right multiplication, BRST transformations commute with (4.37). So QV (g) = 0
implies that QV (g + δg) = 0 where δg is defined in (4.37). When Σ is independent of σ, (4.37) is a global P SU (2, 2|4) transformation which takes half-BPS vertex operators into half-BPS vertex operators. But when Σ depends on σ, (4.37) can take half-BPS vertex operators into non-BPS vertex operators which depend on non-zero modes of the 3 Using the gauge-fixing to the fermionic coset, the x m variables were gauged to zero which explains why it was difficult to construct physical vertex operators in terms of the fermionic coset variables. In [11] , it was conjectured that the non-trivial physical states could emerge after including a kinetic term for the worldsheet gauge field. However, this conjecture appears to be incorrect since the kinetic term goes to zero in the infrared limit of the sigma model. I would like to thank A. Polyakov for correcting this point and for suggesting that the topological action should be perturbed by an appropriate radius-dependent operator. ). The operator of (4.38) is invariant under all P SU (2, 2|4) transformations of (4.37) except for the four translations P m , the four R-symmetry generators (R The spectrum of these non-BPS operators is easily computed using the P SU (2, 2|4) algebra. For example, [D − J, R n. This agrees with the expected result at zero 't Hooft coupling since the large R-charge formula for the eigenvalue of the n th oscillator mode is
which is independent of n when g s N = 0.
Scattering amplitudes and open-closed duality
If the topological action S top of (4.1) describes the zero-radius limit of the AdS 5 × S 5 superstring, the AdS 5 × S 5 superstring at infinitesimal radius r should be described by the action
where S AdS is the vertex operator for the radius modulus and is also the original AdS 5 ×S 5 action of (2.11). Since S top and S AdS are both invariant under the BRST transformation generated by (2.13), (4.42) is also BRST invariant. 4 Note that one could also consider the action S r = tS top + r 2 S AdS where t is a constant, but since S top is BRST-trivial, the theory must be independent of the value of t.
The Maldacena conjecture predicts that perturbative superstring scattering ampli- variables, Neumann for the (x 0 , ..., x 3 ) variables, and
for the pure spinor variables. Furthermore, the fermionic boundary conditions imply that
As discussed at the end of subsection (3.3), (4.43) implies that (ηλ λ) = λγ 4 λ = 0, so one needs to introduce non-minimal variables on the boundary. These non-minimal variables turn the zero mode measure factor into the same measure factor as in a flat background which is the d = 4 dimensional reduction of
One might be worried that the term
in the action of (4.1) becomes singular on the boundary where (ηλ λ) = 0, but the numerator (λγ a ) α η α α ( λγ b ) α also vanishes on the boundary where it is proportional to 
the d = 10 supersymmetric derivative, and is the zero mode measure factor of (4.44).
Furthermore, it will be assumed that as in the Chern-Simons topological string [33] when M = 0. So the relation λ′ tHoof t = r 4 would be valid both at small and large radius.
Conclusions and Discussion
In the first half of this paper, it was shown that (ηλ λ) is in the BRST cohomology in an AdS 5 × S 5 background, which implies that the left and right-moving pure spinor ghosts can be treated as complex conjugate variables. This eliminates the need for non-minimal variables and simplifies the zero-mode measure factor and b ghost.
In the second half of this paper, a BRST-trivial version of the AdS 5 × S 5 action was constructed by gauge-fixing a G/G principal chiral model where G = P SU (2, 2|4). This topological action was argued to describe the zero radius limit which is dual to free superYang-Mills, and perturbing the topological action by the vertex operator for the radius modulus was conjectured to describe super-Yang-Mills at small 't Hooft coupling. In addition to describing the zero radius AdS 5 × S 5 limit, the topological model of (4.1) can also be interpreted as a tensionless string in which all massless and massive background fields are treated on equal footing. Changing the target-space metric in the topological action is a BRST-trivial operation so, as proposed by Witten, the topological model describes string theory in an "unbroken phase" in which general covariance does not require an explicit metric [19] [21].
By giving background values to physical moduli, one can perturb the topological model into non-topological string theories which describe backgrounds that are asymptotically AdS 5 ×S 5 but are not necessarily P SU (2, 2|4) invariant. For example, perturbing with the vertex operator for the radius modulus deforms the topological action into the P SU (2, 2|4)-invariant AdS 5 ×S 5 action of (2.11), but perturbing with other physical moduli will lead to superstring backgrounds which are asymptotically AdS 5 ×S 5 but which are not P SU (2, 2|4) invariant.
In some sense, these asymptotically AdS 5 × S 5 backgrounds are more natural backgrounds for the pure spinor formalism than asymptotically flat backgrounds. In asymptotically AdS 5 × S 5 backgrounds, the worldsheet action can always be constructed from the Metsaev-Tseytlin coset g ∈ P SU(2,2|4) SO(4,1)×SO(5) even though the action is not necessarily invariant under the global P SU (2, 2|4) isometries δg = Σg. Furthermore, the BRST operator in these backgrounds always acts geometrically as Qg = g(λ α T α + λ α T α ) and there is no need to introduce non-minimal variables. And in the limit where the radius goes to zero, the topological AdS 5 × S 5 pure spinor action and BRST operator can be derived by gauge-fixing a G/G principal chiral model. This contrasts with the pure spinor formalism in a flat background which has not yet been derived in a simple manner from gauge fixing.
